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INT RODUCTIO N
In Fourier transform spectroscopy (FTS), nonlinearity
amplitude distortions in the interferograms are mainly due
to the detector. In the case of photoconductive detectors,
for example, the semiconductor MCT (Mercury-Cadmium-Telluride) detector, which is most frequently used for
high-performance infrared measurements, the nonlinearities have been discussed in the literature (e.g., Ref. 1). For
other infrared detectors, such as bolometers, the effect has
not been studied with equal attention although some nonlinearity is expected to be present. Amplitude distortions
in the interferogram induce, through Fourier transform
(FT), radiometric errors in the acquired spectra.
In order to eliminate radiometric errors, the interferograms must be corrected before Fourier transformation by
using either a measurement2 or a model3,4 of the real response of the acquisition system. An assessment of nonlinearity errors in FTS can also be made after Fourier transformation using the harmonic features that are introduced
in the measured spectra by the nonlinear response. In Ref.
5 nonlinearity was detected by looking for a nonzero signal
in the low-frequency region of the spectrum, where the
spectral response should be equal to zero. This procedure
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may be dif cult in the presence of 1/f noise, which prevents
an accurate identi cation of the low frequency feature.
In this paper, a m ethod for the detection and characterization of sm all nonlinearity effects by way of an analysis of the amplitude of the second harmonic feature in
the acquired spectral distribution is presented and discussed. The method is applied to real measurem ents obtained from a far-infrared (FIR) interferometer with a 3He
cooled bolometric detector.
M ODEL OF DETECTO R RESPONSIVITY
In an interferometer the output optical signal is given
by a constant component plus a modulated component,
i.e., the optical interferogram I (x), where x is the optical
path difference. The acquired interferogram signal V (x)
is obtained by taking the m odulated component at the
output of an AC-coupled preampli er. In the case of nonlinear response, the acquired signal can be expanded into
a power series of I (x). The series expansion yields
V (x) 5 r 0 [1 1 aI (x) 1 bI 2 (x) 1 · · · ]I (x)

(1)

where the coef cients of the power expansion, a and b,
are in general dependent on the operating point, which is
determined by the unmodulated optical signal. The frequency-dependent linear response of the acquisition system is assumed to be constant and equal to r 0. Both the
detector and the electronics may contribute to the nonlinearities of the interferogram, but usually the effects of
the latter can be made signi cantly smaller than those of
the former. Therefore, we can assume that only detector
nonlinearities contribute to Eq. 1.
Nonlinearity has different effects on acquired interferograms depending on the number of outputs used for the
signal acquisition and processing. With a single output,
both in rapid scanning or signal modulation techniques,
the signal V (x) includes all the terms of the series expansion; alternately, if the difference signal between the two
output ports is used, the even terms cancel out and only
the odd order terms in Eq. 1 are different from zero.6 In
this paper, we analyze Eq. 1 for a single output acquisition.
The m easured spectrum S (s) is given by the FT of
Eq. 1:

decreases. However, while this rule reliably applies within the subsets of the odd and the even terms, no general
rule applies regarding the relative amplitudes of odd and
even terms, which depend, respectively, on symmetric
and antisymmetric distortions. The odd terms in general,
and in particular the third term, which is the  rst and
largest odd term, always contribute to some error at the
frequencies in which B(s) is located (in-band distortion).
The even terms in general, and in particular the second
term, which is the largest even term, introduce some error
into the measured spectrum only if the bandwidth of B(s)
spans m ore than one octave.
Therefore, if the bandwidth of B(s) spans less than one
octave, not only does the second term of nonlinear distortion not effect the wanted measured spectrum, but its
presence can easily be observed and its amplitude can be
determined. In this case, if a reliable model of the detector properties can be used to assess the relative amplitude
of odd and even terms, the knowledge of the second term
provides a useful means for estimating the in-band nonlinear distortions caused by the third term as well.
In the case of cryogenic bolometric detectors, nonlinearity in the responsivity depends on the nonlinear relation between the temperature variation, which is induced
by the external photon  ux, and the bolom eter resistance.
For semiconductor bolometers at temperatures below 1
K, the resistance R can be described as a function of
temperature T by the parametric relation:7
R (T) 5 R ` e (d /T ) n

where R ` is equal to the asymptotic value of resistance
for T ¾ d, d is equal to about 10 –20 K depending on
the material, and n 5 0.25, 0.5, or 1 depending on the
doping and temperature range.
Equation 3 can be used to assess the relative amplitude
of odd and even terms of the nonlinear distortion. For
this purpose, it can be expanded in a power series as a
function of T around the operating point at T 5 T 0. For
the sake of simplicity, n 5 1 is considered.

5

DR ø R (T 0 ) 2

S (s) 5 r 0 [B (s) 1 aB (s)*B (s)
1 bB (s)*B (s)*B (s) 1 · · · ]

(2)

The  rst term B(s) is the detected spectral radiance,
which is equal to the product of the input spectral radiance and the optical response of the interferometer. The
other terms are convolutions of increasing order, which
cause the generation of features at multiple frequencies
(harm onics) of the original spectral distribution. The
symbol * indicates the operation of convolution. In particular, the second term, corresponding to the autocorrelation of B(s), produces a feature centered at zero and a
second harmonic feature, whereas the third term produces
a  rst harmonic feature (that is superimposed to B(s))
and a third harmonic feature.
In general, even terms of the series expansion of Eq.
1 give even harmonics in Eq. 2, and odd terms give odd
harm onics. The maximum order of the harm onics produced by each term is equal to the order of the term.
Usually, as the order of the term increases, its amplitude
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(3)
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3

(4)

For cryogenic bolometers with T0 ½ d, the ratio between
the third and second term of Eq. 4 turns out to have the
same order of magnitude as the ratio between the second
and the  rst term. Equation 4 can be compared with Eq. 1,
assuming that DR } V and DT } I. The comparison shows
that the relative third-order nonlinear distortion bI 2 is about
equal to (aI ) 2, and can be determined by measuring aI. The
same result is also obtained for a general value of n and in
the case of MCT detectors, where the responsivity is considered proportional to the cube root of the input power.8
NONLINEAR CH ARACTERIZATION
In this section, we describe a procedure for the characterization of the nonlinear response in the case of a spectrum with a bandwidth smaller than one octave. In this
case, the second harmonic distortion is not superimposed

F IG . 1. Uncalibrated spectra in arbitrary units (a.u.) observed at 17 km
 ight altitude for zenith-angle views of 808, 908, and 928, from top to
bottom, respectively; (SAFIRE-A, APE-GAIA Cam paign, 12 October
1999).

on the bandwidth of the spectrum. The procedure is based
on the calculation of the spectral convolution c(s) between
the overall measured spectrum S (s), given by Eq. 2, and
the autocorrelation of S b (s), where S b(s) 5 F b(s)·S (s) is
the measured spectrum in the desired spectral bandwidth
(in-band spectrum) and F b (s) is a  lter that selects this
bandwidth. In practice, in order to avoid 1/f noise in the
autocorrelation term S b(s)*S b(s), we limited our analysis
to the second harmonic region, obtaining

5 12

c (s) 5 S (s)* F b

s
· [S b (s)*S b (s)]
2

6

(5)

c(s) has a peak at s 5 0, with a width on the order of
twice the spectral bandwidth. In a  rst approximation, the
amplitude of this peak can be calculated using S (s) ø
(a/r 0)S b (s)*S b (s). In this case,
c (0) ø

5

[1 2

a
s
S b (s)*S b (s)* F b
· [S b (s)*S b (s)]
r0
2

]6

(6)

F IG . 2. Normalized second-order spectral correlation c(s)/c(0) against
wave number for 808 zenith angle view (space view), calcu lated for the
case of SAFIRE-A, APE-GAIA Campaign, 23 September 1999  ight
(solid line) and 12 October 1999  ight (dashed line).

N 2O, HNO 3 , HCl, and H 2 O, respectively are present. For
the nonlinear assessment, we used data acquired from the
 rst channel at 22–23.5 cm 2 1 with a photon noise limited
bolometric detector operating at 0.3 K, which was developed at Queen M ary and West eld College, London.
Figure 1 shows, for example, typical uncalibrated spectra
observed at different limb angles.
The normalized value of c(s) calculated with SAFIREA data is shown close to 0 cm 2 1 in Fig. 2 (continuous line
for the 23 September 1999  ight and dashed line for the
12 October 1999  ight). The curves were obtained by taking the mean value over the whole  ight (32 and 33 measurements, respectively) of c(s) for the 808 zenith angle
view (space view) in which we measured the largest interferometric signal. A correlation peak is evident near 0 cm 2 1,
with a width equal to about 2 cm 2 1, i.e., twice the optical
bandwidth as expected. Consistent results were obtained for
other zenith angle values in which the signal and, conse-

s5 0

Since the term in curl braces is a constant that can be
easily calculated, from the amplitude of the peak it is
possible to determine the quantity a/r0 , which can be used
in Eq. 1 to evaluate the distortion aI in the measured
interferogram.
APPLICATION TO SAFIRE-A FAR INFRARED
FT SPECTROM ETER
Nonlinear characterization was applied to data acquired by the SAFIR E-A (Spectroscopy of the Atmosphere using Far InfraRed Emission—Airborne) instrument 9 during the APE-GAIA Antarctic campaign (Ushuaia, Argentina, September–October, 1999).10 The instrument is an FIR-FT spectrometer that operated aboard
the Russian M-55 Geophysica aircraft up to a m aximum
altitude of 21 km. SAFIR E-A provided limb sounding
observations of atmospheric spectra, with a resolution of
0.004 cm 2 1 over two spectral channels: 22–23.5 cm 2 1 and
123–125 cm 2 1 , in which spectral features of O 3, ClO,

F IG . 3. Nonlinear param eter a/r 0 as a function of the signal amplitude
expressed in terms of the number of interferogram units (int.u.) recorded
at the maxim um of the interferogram, for the SAFIRE-A, APE-GAIA
Campaign, 12 October 1999.
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quently, nonlinearity effects were lower. In this case, the
correlation peak is measured with greater uncertainty.
In Fig. 3, the measured quantity a/r 0 is shown for the
12 October 1999  ight as a function of the interferogram
amplitude obtained for different zenith angle values. The
interferogram amplitude is expressed in terms of the
number of interferogram units (int.u.) recorded at the
maximum of the interferogram , and the quantity a/r 0 is
expressed in terms of the inverse of int.u. The error bars
were evaluated from the amplitude of the oscillations of
c(s) around the correlation peak. The weighted mean value of a/r0 is equal to (3.8 6 1.6) 3 10 2 6 int.u.2 1. The
value of the second-order component aI of the relative
nonlinear distortion, which is approximately equal to the
product (a/r 0)V, can be obtained for each interferogram
by m ultiplying the two param eters shown in Fig. 3. The
maximum value of aI is equal to about 8 parts in 1,000,
and it is reached in the case of the interferogram with the
greatest amplitude. Within the measurem ent error, a/r 0
did not depend on the signal amplitude despite the fact
that a different optical load of the detector, i.e., a different
operating point, was known to be present for different
signal amplitudes. The value of aI was obtained with a
sensitivity of 0.001. Similar results were obtained from
the measurem ents made during the other  ights of the
campaign.
The third-order component bI 2 of the relative nonlinear
distortion, which is equal to about (aI ) 2 for bolometric
and MCT detectors, turned out to have an upper limit of
about 10 2 4 . This relative distortion, which directly introduces an error into the band of the m easured spectrum
(i.e., about 0.01% of the peak value), is negligible with
respect to measurement error of the interferogram and
does not pose a problem.
Nevertheless, if this detector had been used for measurements over a large spectral interval, so that the interferogram had a greater amplitude, this nonlinearity
would have been a problem.
CONCLUSION
A procedure has been devised for the determination of
the second-order component of nonlinear effects. This
procedure can be used in the case of spectra that span
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less than one octave and that are derived from interferograms acquired from a single output of the interferometer. By starting from the knowledge of the second-order
component, which affects the interferogram but does not
introduce any error into the band of the measured spectrum, a suitable m odel of the detector response function
can also provide the m agnitude of the third-order component of nonlinearity. The third-order component also
causes a distortion of the m easured spectrum that cannot
be directly determined from the measurement.
In the case of SAFIRE-A data, the measured secondorder nonlinear term corresponds to a m aximum relative
error of 0.8% in the inteferogram amplitude, whereas the
third-order term gives a m aximum error of 0.01%, which
causes a negligible distortion in the measured spectrum.
The achieved sensitivity of about 1 part in 1,000 in the
detection of the second harmonic distortion was high
enough to m ake small nonlinear effects evident.
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